ABSTRACT. Let F: Dx -► D2 be a biholomorphic map between bound- Introduction. Recently Henkin [10] and Vormoor [16] proved independently the following higher dimensional version of a classical result in the complex plane: a biholomorphic map between two bounded domains in C" with smooth, strictly pseudoconvex boundaries extends to a homeomorphism of the closure of the domains. Both proofs, although quite different from one another in many aspects, have one fundamental idea in common: they make use of the invariance of the Carothéodory metric under biholomorphic maps.
Introduction. Recently Henkin [10] and Vormoor [16] proved independently the following higher dimensional version of a classical result in the complex plane: a biholomorphic map between two bounded domains in C" with smooth, strictly pseudoconvex boundaries extends to a homeomorphism of the closure of the domains. Both proofs, although quite different from one another in many aspects, have one fundamental idea in common: they make use of the invariance of the Carothéodory metric under biholomorphic maps.
Henkin's method seems to be more powerful, as he can show that such a biholomorphic map is actually Holder continuous of order Vi.
Most recently Fefferman [4] , by a different method, was able to prove that biholomorphic maps between strictly pseudoconvex domains with C°° boundary extend as C°° maps to the boundary.
In this paper we generalize the result of Henkin and Vormoor to domains with piecewise smooth strictly pseudoconvex boundaries (see § 1.7 for the precise definition). We show that a biholomorphic map between two such domains is Holder continuous of some positive order which depends on the minimal angle at the corners of the domains. The proof combines the techniques of Henkin and Vormoor with a careful analysis of the situation at the corners.
One of the key steps of the proof involves an estimate from below for the Carathéodory metric. At the local level, this estimate is reduced to the case of smooth boundaries by using the monotonicity of the metric; the further reduction to the case of a ball is elementary, though quite delicate. In order to pass to the global level one adapts the techniques of Hörmander [11] and Diederich [3] to the case considered here. By using the uniform estimates for solutions of the 3-equation (cf. Range and Siu [14] ), I had obtained a simple proof of the required approximation theorem (Proposition 3.1). After completion of this manuscript, I received a preprint of [7] , in which a similar proof is given for the case of smooth boundaries. I thus decided to omit the proof in this paper and refer the reader to [7] instead.
For domains with smooth strictly pseudoconvex boundary more precise estimates for the Carathéodory metric have been obtained by Henkin [10] and Graham [6] , [7] .
Another basic step is an estimate for the distance to the boundary under biholomorphic maps (Theorem 4.11), which may be of independent interest. It is this result which reflects most deeply the geometry of the domains near the corners. Part of the proof is based on an analogue of Schwarz's Lemma for sectors of a disc.
For a summary of the contents of the various paragraphs the reader is referred to the opening statements of each paragraph. § 6 contains some open questions which arise naturally from the work in this paper. 1 . Preliminaries. In this paragraph we introduce some notations, discuss the basic properties of the Carathéodory metric and define precisely the domains which are considered in this paper.
(1.1) For a point z = (zx,. . . ,zn)inC", we set
For a G C", r > 0, B(a, r) = {z EC": \z -a\ < r} denotes the open baU with center a and radius r. For M E C" and z EC", d(z,M)=inf{\z-P\:PEM} denotes the Euclidean distance from z to M. The natural pairing between a cotangent vector a and a tangent vector v is denoted by <a, v). In particular, if/is a C1 function near a point z, and v = (vx,-u")GC",then 0/(z),ü>=¿0//3z,)(^f i=i The following property of the Carathéodory metric is fundamental.
1.5. Lemma. Suppose F: Dx -> D2 is a holomorphic map between two bounded domains in C". Then
for all z EDx,vE C". In particular, equality holds if F is biholomorphic. (F*z denotes the Jacobian matrix of F at z.)
The proof is straightforward. By applying this lemma to an inclusion map, one obtains 1.6. Lemma. The Carathéodory metric is a monotonically decreasing function of the domain, i.e., for Dx C D2,
for all z ED, andvEC". (ii) C1 functions p;-: Uj -* R (1 </ < k), such that (a) D n U = {x E U: for 1 </ < k, either x$UjOt pfx) < 0}, (b) for 1 < i'j < • • • < ij < k, the 1-forms dptl, . . . , dpf¡ are linearly independent over R at every point x E Ç\ (,_ x U¡ .
We caU { Uj, pjLi a frame for D. For Kj<k, define Sf = {x E Uf. p¡(x) = 0}.
D is said to have piecewise smooth strictly pseudoconvex boundary, if there is a frame {¿X, p,}?L j for D, such that, for 1 <j<k, the function p;-is C2 and strictly plurisubharmonic on U-. We note that any sufficiently small C2 perturbation of the functions p;-, 1 </ < k, gives again a domain with piecewise smooth strictly pseudoconvex boundary.
2. Local estimates from below. In this paragraph we establish an estimate from below in terms of the distance to the boundary for the Carathéodory metric on "small" sets near the boundary. The precise result is as foUows.
Proposition.
Let D be a domain with piecewise smooth strictly pseudoconvex boundary. For each z0 E 3D there is a ball B = B(z0, e) stic« that for allzEB DD and u G C"
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The proof of this estimate consists of a stepwise reduction to the case of a ball. For smooth strictly pseudoconvex boundaries more precise estimâtes have been obtained by Henkin [10] and Graham [6] , [7] . We give a simplified proof for the case we are interested in. The proof will involve a series of lemmas.
Lemma. If Br is a ball of radius r, then
CBr{z,v)Z\v\d{z, WrTX12 forallzEBrandvEC".
Proof. By reducing the problem to the case of a disc and explicit calculations one obtains (see, for example, the proof of Satz 5 in [15] ). Since for z EBr, r2 -\z\2 < 2r(r -Izl), the desired estimate follows.
2.3. Lemma. Let W be an open neighborhood ofO in C". Suppose p E C2(W) is real valued, p(0) = 0, dp(z) =£ 0 for all z EW, and the Hessian of p is positive definite at all points of W. Let M = {z EW: p(z) = 0}. Then there is a neighborhood V E WofO, such that for all z E V~ = {z E V: p(z) < 0} one has
Proof. For p EM, let n he the unit normal to M at p pointing to the side p < 0. The strict convexity of p implies that there are positive constants r and Ô such that B(0, 28) EW and for each p E B(0, 28)r\M, if we set Bp = B{p + rnp, r), then (0 P e Wp, subharmonic and dp(z) + 0 for all z EU. Let S = [z E U: p{z) = 0}. Then for each z0 E S there is a ball B(zQ, e) such that CBiz0, e)n{p<0}(z' ») £ ^\d(z, S)'1'2 for ail z E B(z0, e)n{p < 0} and v G C". Proof .
Choose e so that B(z0, 2e)EU and so that there is a biholomorphic map T: B(z0, 2e) -> W onto an open neighborhood W of 0 in C with the foUowing properties:
(i) the (real) Hessian of p ° T~l is positive definite on W; (U) T(B(z0, e)) is contained in the neighborhood V given by Lemma 2.3 applied to W and p ° T~l ;
(iu) the Jacobian determinant of T is bounded from above and below in B(z0,2e).
The map T is obtained as follows. After an affine change of coordinates we can assume that z0 = 0 and 3p(z0) = (1, for aU z EB(z0, e)C\D and/ = 1, . . . , /. Since in a neighborhood of z0, d(z, 3D) = min1< ^ ¡d(z, SX the conclusion foUows.
back, in case of the Bergman metric, to Hörmander [11, Lemma 3.5.2] and was later modified by Diederich [3] . For the case considered here, the main ingredient is the following approximation result, whose proof is essentially due to Diederich. A simple proof for domains with smooth strictly pseudoconvex boundary, which uses a modification of Hörmander's technique and the uniform estimates for solutions of the 9 -equation, is given in [7, Theorem 2] . This proof carries over to the domains considered here; the required estimates for the 3-equation for this case are proved in Range and Siu [14] . Proof. By compactness of 3Z> we can cover dD by finitely many open balls B(zx, eA), A -1.m, with centers zA E 3£>, such that Proposition 2.1 is valid for each B(zx, eA), and if B(zx, 5A) is a ball with the properties described in Proposition 3.1 applied to B(zx, eA), then dD E \Jm=x B(zx, 5A). Fix t? > 0 and let Lx = L(q, 5A) be the constant given by Proposition 3.1. Let L = max1<A<m ¿A, and choose e > 0 such that { z G D: d(z, 3D) < e} C \Jm=x B{zx, 8X). Proposition 3.1 implies that for z G B(zx, 5A)n£> Remark. By introducing a peaking function at z0 G 3Z) and arguing as in Diederich [3, §6] , one can prove the foUowing sharper relationship between the local and global Carathéodory metric (see also [6] for all v EC". 4 . Estimates for the distance to the boundary. In order to study the behavior of the distance to the boundary under biholomorphic maps, we follow an idea of Vormoor [16] and relate the distance to the boundary to an auxiliary function which transforms in an obvious way under such maps. If F is biholomorphic, equality holds.
The proof is trivial.
Proposition.
Let D be a domain with piecewise smooth strictly pseudoconvex boundary, and let PED. Then 1 -hDP(z) <, d(z, 3D) for zED.
In case 3D is C°° and strictly pseudoconvex, this is Satz 2 in Vormoor [16] ; the idea of the proof given there carries over to the more general case. The main tool required is the foUowing parametrized version of the weU-known construction of "peaking functions" for strictly pseudoconvex domains (cf. Gunning and Rossi [8, Corollary IX, C7], Henkin [9] and Ramirez [13] ; for the construction in case of C2 boundaries, see also Range and Siu [14] ). The proof of (4.3) is now quite easy. By (c), \Fß, P)\ < 1 for ? G 3D n {Pj = 0}, and hence, after shrinking Uj, we can assume that (*) \Fß,P)\ <q<l for Se Uj and/= 1.*. IfD has smooth boundary, m can be chosen to be 1.
Remark. In case D has smooth boundary, this is Satz 4 in Vormoor [16] . However, there seems to be a gap in §5 of the proof given there [16, p. 244] .
In order to prove the proposition we need a geometric lemma. For SEC", v a unit vector in C", 0 < o¡ < n and y > 0, we denote by C(f, v, a, y) the open cone with vertex S> axis in the direction of v, aperture a/2 and height y.
4.6. Lemma. Let D be a domain with piecewise smooth boundary. Then there are constants e > 0, 7 > 0 and 0<a<n such that the following holds. For each z ED with d(z, dD) < e there is f (z) G dD and a unit vector u(z) G C" such that z lies on the axis of the cone C(S(z), v(z), a, y) and We now come to the proof of Proposition 4.5. Let a, y, e be the constants given by Lemma 4.6. We may assume that a = n/m, where m is a positive integer. Define R = {XEC: X = reie,0<r<y, loi < a/2}.
Let <p: R -> A = {w G C: lwl<l}bea biholomorphic map which carries the interval {XER: 0<X<7> onto the interval (-1, 1) in A in such a way that 0(0) = 1 and cp(y) = -1 (note that tb extends to a homeomorphism R -*■ A). tb can be constructed explicitly (cf. [1, p. 384]) , and it has the foUowing important property:
0 is holomorphic in a neighborhood N of 0, and <p(X) = 0(Am), where tb is biholomorphic at 0. Hence we can choose N and t? > 0 such that (4.7) l?(Xm)l>T? fotXEN Let now t ED and d(t, 3D) < e, and let Cf¿(f), v(t), a, 7) be the cone given by Lemma 4.6. Define S(t) = {zEC":z = f(f) + Xv(t), X E R}.
Then S(t) C D, and there is Xf, 0 < Xf < 7, such that t = f(f) + Xtv(t). Moreover, by 4.6 (ii), (4.8) Xf= \t-i(t)\^d(t, 3D).
From now on we assume that e is so small that XtEN and tb(Xt) > 0 whenever d(t, 3D) < e.
Let <I>f: A -+ S(t) he the holomorphic map given by
•*f(w) = f(i) + 0-1(w)*u(O.
Since Q = {$f(0): t ED and d(t, 3D) < e} is relatively compact inD, a simple normal family argument shows that there is q < 1 such that I l/l I q <q for aU /G ¥p(D). Define the automorphism Ta, a G A, of A by
The derivative of ra is bounded from above and below on A, and the bounds can be chosen independently of a for la I < q. This implies
for aU zE A, lal <q. for all zx, z2 EDX.
(5.5) Remark. As stated in Proposition 4.5, if D2 has smooth boundary, the integer m in (5.2) can be chosen to be 1. Hence, in this case, a in Theorem 5.4 can be chosen to be lA. Thus, in particular, one obtains Henkin's result [10, Theorem 1] .
By applying the Theorem to F and F~x, one obtains 5.6. Corollary.
Let F be a biholomorphic map between two bounded domains with piecewise smooth strictly pseudoconvex boundaries. Then F extends to a homeomorphism between the closures of the domains.
6. Some open questions. (6.1) Theorem 3.2 is not the best possible statement. By considering the projections of the vector v onto the holomorphic tangent spaces of the hypersurfaces which make up the boundary of D, one should obtain more precise estimates. Specifically, how do the precise results of Graham [6] , [7] generalize to the domains considered in this paper? (6.2) Proposition 4.3 is valid also for analytic polyhedra, but it is clearly false if D is not holomorphically convex. For which other classes of domains does it hold? This problem is probably related to a question of Kohn [12, §7, III]. (6. 3) As Henkin [10] has shown, a biholomorphic map between two domains with smooth C2 strictly pseudoconvex boundaries is Holder continuous of order lA (see also Remark 5.5). In view of Fefferman's result [4] , this is probably not the best possible result. Specifically, is there a differentiable extension in case of C2 boundaries? (6.4) The proof of the continuous extension of biholomorphic maps given in this paper makes heavy use of the strict pseudoconvexity of the boundary. However, it is not at all clear, at least not to this author, that this condition is necessary. Thus, it is reasonable to ask: Is Corollary 5.6 valid for domains of holomorphy with smooth boundary?
